
Majhmatik  EpexergasÐa thc FjÐnousac Tal�ntwshc

H ikan  kai anagkaÐa sunj kh gia na èkteleÐ èna s¸ma ameÐwth Grammik  Armonik  Tal�ntwsh eÐnai :
∑

F = ma = −Dx

a =
d2x

dt2

⇐⇒ dx

dt2
+

D

m
x = 0 (1)

kai oi lÔseic thc ameÐwthc GAT eÐnai:

x = x0ηµ(ω0t + φ)

v = ω0x0συν(ω0t + φ)

a = −ω2
0x0ηµ(ω0t + φ)

(2)

Sthn perÐptwsh thc fjÐnousac tal�ntwshc èqei prostejeÐ kai mÐa dÔnamh apìsbeshc h opoÐa antistèketai
sthn taqÔthta tou s¸matoc kai èqei mètro an�logo thc taqÔthtac Fb = −bv ìpou b h stajer� thc
apìsbeshc. H exÐswsh thc tal�ntwshc ja eÐnai t¸ra

∑
F = ma = −Dx− bv

a =
d2x

dt2

v =
dx

dt


⇐⇒ d2x

dt2
+ b

dx

dt
+

D

m
x = 0 (3)

H exÐswsh aut  èqei lÔsh :
x = x0e

−λtηµ(ωt + φ) (4)

ìpou x0 to pl�toc thc tal�ntwshc gia t = 0, λ =
b

2m
h stajer� thc ekjetik c pt¸shc tou pl�touc

thc tal�ntwshc, ω =
√

ω2
0 − λ2 h kuklik  suqnìthta thc tal�ntwshc, kai ω0 h suqnìthta thc ameÐwthc

tal�ntwshc an den up�rqei apìsbesh.
Apì thn prohgoÔmenh exÐswsh blèpoume ìti h suqnìthta thc fjÐnousac tal�ntwshc eÐnai mikrìterh apì

thn antÐstoiqh thc ameÐwthc, kai kat� sunèpeia h perÐodoc thc fjÐnousac tal�ntwshc ja eÐnai megalÔterh
apì thn perÐodo thc ameÐwthc tal�ntwshc.

'Iswc xenÐsei se polloÔc h parousÐash thc exÐswshc thc tal�ntwshc mèsa apì parag¸gouc. Autì
gÐnetai giatÐ jèloume na apodeÐxoume ìti oi exis¸seic thc ameÐwthc tal�ntwshc den isqÔoun sthn fjÐnousa.
Apì thn 4 kai ton orismì thc taqÔthtac san thn pr¸th par�gwgo thc apom�krunshc wc proc ton qrìno
èqoume:  x = x0e

−λtηµ(ωt + φ)

v =
dx

dt

⇐⇒ v = −λx0e
−λtηµ(ωt + φ) + x0e

−λtσυν(ωt + φ) (5)

Apì thn 5 kai ton orismì thc epit�qunshc san thn pr¸th par�gwgo thc taqÔthtac wc proc ton qrìno
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èqoume:  v = −λx0e
−λtηµ(ωt + φ) + x0e

−λtσυν(ωt + φ)

a =
dw

dt

⇐⇒
a = x0(λ2 − ω2)e−λtηµ(ωt + φ)− 2λx0e

−λtσυν(ωt + φ) (6)

An sugkrÐnoume tic 2,5 kai 6 blèpoume ìti stic fjÐnousec up�rqei kai ènac deÔteroc ìroc pou den up�rqei
stic ameÐwtec.

x = x0ηµ(ω)t + φ) x = x0e
−λtηµ(ωt + φ)

v = ω0x0συν(ω0t + φ) v = −λx0e
−λtηµ(ωt + φ) + x0e

−λtσυν(ωt + φ)

a = −ω2
0x0ηµ(ω0t + φ) a = x0(λ2 − ω2)e−λtηµ(ωt + φ)− 2λx0e

−λtσυν(ωt + φ)


(7)

Mia endiafèrousa er¸thsh pou ja mporoÔse na tejeÐ san jèma pollapl c epilog c (sto Pr¸to Jèma)
h dikaiolìghshc (sto DeÔtero Jèma) se Panell niec exet�seic eÐnai an gia x = 0 sthn perÐptwsh twn
fjÐnouswn talant¸sewn h epit�qunsh eÐnai 0 kai aut . O stìqoc tou erwt matoc autoÔ eÐnai na mperdèyei
touc majhtèc kaj¸c stic ameÐwtec talant¸seic isqÔei a = −omega2x kat� sunèpeia gia x = 0 ja èqoume
kai a = 0.

Stic fjÐnousec talant¸seic ja èqoume ìti x = 0 shmaÐnei ìti kai ηµ(ωt +φ) = 0 �ra συν(ω0t+φ) = 1.
Kat� sunèpeia h 6 dÐnei ìti a = −2λωx0e

−λt to opoÐo eÐnai di�foro tou mhdenìc. 'Ara h epit�qunsh
stic fjÐnousec talant¸seic den mhdenÐzetai ìta to s¸ma pern� apì th jèsh isorropÐac (x = 0).

O deÔteroc trìpoc gia na antimetwpÐsoume to prìblhma eÐnai na qrhsimopoi soume thn 3: ma = −Dx− bv

x = 0

⇐⇒ a =
−b

m
v (8)

'Omwc gia x = 0 h taqÔthta eÐnai mègisth �ra h epit�qunsh eÐnai mh mhdenik .
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